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Abstract. In this paper the statement of the problem is
formulated and the mathematical model of optimization
the placement of the undirected planar geometrical
objects with piecewise non-linear boundaries in the
multiply area is developed. It is shown the geometrical
interpretation and derived the estimate of the number of
restrictions in the model. On the basis of a mathematical
model for finding the global extremum of the objective
function was proposed modified method of branches and
boundaries. It is also shown the solutions tree that takes
into account the problems of optimal placement of
undirected planar geometrical object with piecewise non-
linear boundaries in the multiply area, and received the
complexity of this method. For locally optimal solutions
of the problem modified simulated annealing method has
been developed. Thus the analytical expressions for the
function of energy system were received, the function,
that describes the decrease of temperature over time,
function that forms a new state of system. The method of
formation the new state of the system was investigated in
more detail, which is based on a random permutation of
numbers the pair of the objects, it is also based on a
consistent placement of objects according to reshuffle
their numbers and determining the probability of
transition to a new state. It is shown the example of
determining permissible points of placement the local
coordinate system of the specific geometrical object. The
conclusion is that to solve practical optimization problems
of placement of the undirected planar geometrical objects
with piecewise non-linear boundaries in the multiply area
should be used the modified simulated annealing method.
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INTRODUCTION

At present, for modeling of real technological and
economic processes in the creation of technical systems
that are associated with the processing of complex
geometric information, there is a necessity of using
effective methods of geometric and computer modeling.
Important place among the tasks associated with
processing of geometrical data, take the problems of
geometric  design  optimization  (optimization of
placement, coverage, splitting the objects of the best

lines). These problems arise in such sectors as light and
heavy industry (designing of the cutting card), energetics,
engineering, construction and so on.

Among the class of problems of optimization of the
geometric design the problem of optimal placement of
geometric objects is one of the most studied tasks. There
are numerous methods for optimizing the placement of
flat objects in simply, multiply and unconnected sectors,
the methods of optimization the placement of three-
dimensional objects and more. The peculiarity of the
problems of optimal placement is that when the decision
is necessary to satisfy the basic requirements for a mutual
non-intersection of geometric objects that are placed in a
given area, as well as supply of geometric objects of
placement in the area. For analytical description of these
requirements the constructive device of ®-functions was
developed in the professor Y. Stoyan’s scientific school.
Despite the fact that the wording of the main requirements
is the same for all the problems of optimal placement of
geometric objects, their analytical and geometrical
interpretation  appearance will vary considerably
depending on the shape of geometric objects that are
placed and area of placement.

One of the promising sector of researches is the
geometrical modeling optimization of placement of the
undirected planar geometry with piecewise non-linear
boundaries in a given area. The peculiarity of these
problems is as follows: first, the presence of fragments of
nonlinear boundary leads to the necessity of considering
the nonlinear constraints for parameters of placement the
related objects; secondly, geometric objects are
undirected, which increases the dimension of these
problems by increasing of parameters of placement the
objects. Thus, consideration of these features makes the
development of new models and methods of geometrical
modeling of optimization the placement of the undirected
planar objects with piecewise non-linear boundaries in the
given areas.

THE ANALYSIS OF RECENT RESEARCHES AND
PUBLICATIONS

The development of mathematical models and
methods of solving the problems of optimization of
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geometric design is dedicated to a sufficiently large
number of works. Thus, the analytical presentation of
boundaries of geometrical objects is devoted such works
as [1-3]. In publications [4, 5] the mathematical models
and methods of optimization design are studied. The tasks
of optimal routes are dedicated in [6, 7]. The problems of
optimal coverage and breaking were studied, for example,
in the publications [8-11].

The modeling of physical processes in different
sectors are dedicated the works [12, 13]. In the work [14],
the determination of the optimal structure of the territorial
system of technological safety is described.

As for optimization of problems the placement
oriented flat geometry, they were considered, for
example, in the works [15-20]. Modeling of optimal
placement undirected objects are, for example, in [21, 22].

In the work [23] the model and method of placement
optimization oriented flat geometry of piecewise with
piecewise non-linear borders is devoted. In this
publication [24] the issue of geometric information in
optimization problems placement of undirected planar
geometry with piecewise non-linear boundaries was
studied. The work [25] is devoted to development of
mathematical models of optimization the placement of
undirected planar objects with piecewise non-linear
boundaries and researching its features.

OBJECTIVES

In this work it is necessary to develop the methods of
minimizing the objective function in the problem of
optimal placement of undirected planar geometry with
piecewise non-linear boundaries, based on the method of
branches and boundaries and the method of simulated
annealing. It is also necessary to conduct a comparative
analysis of these methods to justify their further use for
solving practical problems.

THE MAIN RESULTS OF THE RESEARCH

Let us consider the setting of optimal allocation
undirected planar geometrical objects with piecewise non-
linear boundaries in the multiply sector.

Let the  two-dimensional
accommodation

Si (xl-,yl-ﬁl-) , i= 1,2,...,N ,
with piecewise non-linear boundaries are specified. These
objects are undirected and set its sequence of vertices

{Vila"iZa-“aVimi}a via =(%ia (0;).via (6;))
d=12,....,m;,
in the local coordinate system and the numbering of tops

space objects

is made counterclockwise. Each pair of vertices
(Vid»Vig+1) is connected with curve fragment of 2-nd
order:
2
i dd 11 (0;) 7 +a; qa 41,2 (6;) xiv; +
2

+a;4q 13 (0;) ¥i + i aa 1,4 (6;) x5 + (1

+a; dd+1,5 (0 ) Vi + @i, da+1,6 (6;) =0,
where: 4 g441,¢ (6;), ¢=1...,6 — quadratic form

parameters that are describing the fragment boundaries
between vertices v;; and vz, of object S; (x;,;,6;).

The placement area Sy (/,b) is a rectangle that is

specified in the global coordinate system, and its length is
variable (Fig. 1). This rectangle sector includes the sectors

of prohibitions So - (x0,»30,), 7=12....Ng (e.g

defects of material or placing objects that are at fixed
locations) that can be given to similar accommodations to
the objects of replacement, but the numbers of vertices is
performed clockwise.

y A
b /
Y
0 So,1 (xO,lsJ’O,l )
y(; A
N
SO,r (xo,r > Y0, r )
Yo~ —
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Fig. 1. Multiply placement area

It's necessary to place objects S;(x;,1:,6;),
i=1,...,N, in the multiply area Sy (/,b) so that length /

was minimal and thus the restrictions must be enforced
on:

— mutual non-intersection of the objects
Si(x,31,6;)  and  S;(x;,0,,0;),  i=L..,N,
j=i+l,...,N,

— non-intersection of the objects S;(x;,1;,6;) and
areas of prohibition So.r (xo’r,yo’r) ,r=12,...,Np,

— objects belonging S;(x;,y;,6;) in the area
So(1,b).

Formulate a mathematical model of optimal

placement of undirected planar objects with piecewise
non-linear boundaries in the multiply area:

mpi;l(xlaJ’laelawaxNaJ’NagN) )
where W :
CDl-/ (x,-,yl-,Ql-,xj,yj,Q/-)ZO, i=1...,.N-1,
j=i+L...,N; 3)
Dy, (xk,yk,Qk,xO’r,yO’r)ZO, k=1....N,
r=1,...,Np; 4
Djcs, (%,91,6;,0,0)20, i=1..,N. (5)

In the model (2)+(5) the formulae (2) is the objective
function of the problem; restriction (3) — is a condition of
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the mutual non-intersection of the objects; the restriction
(4) — is a condition of the non-intersection the objects of
placement and prohibition areas; the restriction (5) — is a
condition of belonging the objects to the placement area,
where ¢Sy — additions of S to the two-dimensional
space.

It should be noted that the conditions of (3) and (4)
are, in general, non-linear, and the conditions (5) — linear.
All restrictions analytically are submitted by ®-functions

[4], and their total number is C]2V+N(NR +1). To

formalize the restrictions (3)+(5) the method given in [26]
is used.

Geometric interpretation of condition (3) for fixed 6;

and ¢; is shown in Fig. 2

Jis
Vi kt+1
Fig. 2. Geometric interpretation of condition (3)

In general, the condition of the contact the objects
S; (xj,yj,Qj) and S;(x;,;,6;), has the form:
2
aji Jk+1,1 (9j,9i )x +aji ek+1,2 (9]',91' )xy+
2

+a ji,kk+1,3(9ja9i)y +aji fk+1,4 (9ja9i)x+ (6)

+a ji k41,5 (9j,9f )y +aji fk+1,6 (9j,9i) =0;
where: a./i’kk+1’t(ej,9i), t=1,...,6 — are quadratic
form parameters describing the piece between k and
(k+1) vertices of the contact contour y j; (9 /,91-) of the
objects Sj(xj,yj,@j) and S,-(xl-,yl-,el-), j=L...,N,
i=1,..,N, j#i.

It should be noted that the geometrical interpretation
of the condition (4) is similar to (3) with one exception:
the numbering of the vertices contact contour is made
counterclockwise.

Fig. 3 shows a geometric interpretation of the
condition (5) for fixed 6; (placement area for illustration

of the condition is simply connected).
)

Sy
b

S

Viok Yio(6;)

Vi

Fig. 3. Geometric interpretation conditions (5)

Thus, the condition of the contact the object
S;(x;,»;,6;) and addition of the area Sy to the two-

dimensional space is written as:
ajo k (6;)x+biok (6;) y+cion (6,)=0; k=1,....4.(7)

/7 To search of global extremum of the objective

function (2) construct a tree of solutions that is shown in
Fig. 4.

Each level of the tree corresponds the independent
variable of this problem, whose number is 3N +1. At the
appropriate level solutions trees are written in pieces of
contact contours of geometric objects. For example, for
the level of tree, that is corresponding the independent
variable xj, are written in equation, that consist of this

variable.

The complete change of tree branches that is shown
in Fig. 4, will determine the global extremum of the
objective function (2). For permissible values of the
objective function of the problem is necessary to solve a
system of 3N +1 equations (both linear and nonlinear),

and a fragment of contour y j; 1 (9 /,91-) is described by
the equation of type (6) and contour y;04(6;) is

described by the equation of type (7). Unacceptable
branches of the solutions tree are cut off by means of the
relevant rules.
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Fig. 4. Solution tree

The upper bound of the complexity (the number of
equations system to be solved to determine the parameters
of appropriate placement of geometric objects) of the
developed modified method of branches and borders is as
follows:

3

N| N Np
O =N-TT| 2wy + 2my, #4115 ®
i=1| j=1, r=1
J#i
yy 18
the number of contact contour pieces for objects

where: N —is the number of placement objects;

S;(x;,;,6;) and S/(x/-,y/-,Q/-); ny, —is the number
of contact contour pieces for objects S;(x;,y;,6;) and

SO,r (xO,raYO,r)

The disadvantage of the modified branch and bound
method is that the conclusion of the global extremum of
the objective function (2) can be done only after a search
of all the branches of the solutions tree, which is an
excessive (8) number of. This leads to the fact that to
apply this method for solving practical tasks is almost
impossible. To overcome these drawbacks propose we
suggest a method, which is based on simulated annealing
method. This method is an algorithmic analog of physical
process of controlled cooling and uses the ordered random
search for new states of the system with a lower
temperature [27].

During slow controlled cooling of the molten
material, called annealing, the crystallization of the melt
is accompanied by a reduction of its global power E , but
the situation in which it can grow for a while (especially
when heating the melt to prevent too rapid cooling) are
implied. Thanks to the admissibility of a short-term
increase in energy levels, there is a possible way out of

the trap of local minimum energy that are arising in the
implementation process. Only lowering the temperature
T to absolute zero makes it impossible for any
independent power increase of the melt.

Therefore, to develop a modified simulated annealing
method must be defined with:

— the function of the energy E system,

—the function that describes the decrease of the
temperature 7' over time,

—the function (rule) that creates a new state of the
system.

In this case, the objective function of the task (2) will
be the energy of the system, that is:

E=I(X), )
where: X :{xl, V1O XN VN QN} — is the current

state of the system.

As for the choice of function that describes the
decrease of temperature 7' over time, historically the first
simulated annealing scheme was Boltzmann’s scheme in
which the temperature change is:

__ Iy
r= n(1+¢)’ (10)

where: 7 —is initial temperature; ¢ —is time, /> 0.

For this scheme is proved that for sufficiently large
values 7{; and the number of steps the finding a global
minimum of the functions is guaranteed (9) [28] The
disadvantage of Boltzmann’s annealing is slow decreasing
of the temperature 7 . The solving of this problem is
possible by replacing the law of change of temperature
(10), such as the following:

Tn=9 Ty, (11)
where: the temperature coefficient ¢ is chosen as usual

m=12,...

within 0,7+0,99. This scheme of simulated annealing
allows to save the computing resources, but, while the
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finding a global minimum of the functions is not
guaranteed (9).

As for the formation of a new state of system, then,
the first, the random permutation of numbers of the

placement objects is performed {i,iy,....ix } €{L,...,N}
and is determined by the current state of the system
X ={x,)1.6,..., x5, ¥y, 0y} through the consistent

placement of objects according to permutation their
numbers and taking into account the constraints (3)+(5).
Fig. 5 shows an example of placing an object

Si, (xl-2 Vi, ,91-2) with fixed value 6; .

ylk

b

A\

Fig. 5. Placement of object S;, (x,'2 »Yiy 65, )

Thus, in this case admissible points for placing the
beginning of the local coordinate system of the object

Sl-z(xl-z,yl-zﬁl-z) is points A,..., Ay, which are

determined by means of second-order equations (both
linear and nonlinear). The data of the system of equations
are recorded by the corresponding transformation of
inequalities (3)+(5) to equalities. Obviously, in terms of
impact on the value of the objective function (9) for the
points A4; and A, are equivalent to placement of the

beginning of the local coordinate system of the object

S, (xl-z, yi2a9i2)~ However, based on the technological

requirements we choose the point 4. Likewise the

placement of other objects is implemented

S,-j (xl-j, y,-j,@l-j), j=3,...,N, with the -calculated

objective function value /(X) for the current state of the

system.
For the formation of a new state of the system

* * % % * * %
X :{xl N 5 v yN,HN}
is possible, for example, to make the permutation of
numbers of any two objects and carry out their placement

according the new reshuffle considering the restrictions
(3)+(5). Further growth of energy system is computed:

AE=1(X")-1(x).
If AE <0, then the system moves from state X to

the state X . Otherwise, the transition to the state X s

made with a probability p(%} , Which is calculated:

\py AE
)
=e .
p( Tj

Therefore, choosing the initial 7; and final T,

(12)

temperature value 7, that decreases over time, the
optimization of the objective function of (9) is carried,
with each successive generation of the system is subject
to the limitations of (3) + (5).

Obviously, to solve practical problems of optimal
placement of the undirected planar geometrical objects
with piecewise non-linear boundaries in the multiply area
should be used the modified simulated annealing method,
the complexity of which can be obtained using
expressions (10) or (11) and is several orders of
magnitude less than (8).

CONCLUSIONS

In this paper the problem statement is formulated and
the mathematical model is created. The modified branch
and bound method and modified method of simulated
annealing to minimize the objective function for the
problem of optimal placement undirected planar
geometrical objects with piecewise non-linear boundaries
in the multiply area are developed. It was shown that to
solve practical problems it is advisable to use a modified
simulated annealing method. Further research will be
aimed at developing algorithmic and software to
computer implementation of methods that are designed to
optimize the placement of the planar undirected
geometrical objects with piecewise non-linear boundaries
of the multiply area.

REFERENCES

1. Rvachev V.L. 1982. Theory of R-functions and
Some Applications. Kiev: Naukova Dumka, p.551.
(In Russian).

2. Rvachev V.L., Sheiko T.I. 1995. R-functions
boundary value problems in mechanics, Appl. Mech.
Rev, 48, N4, p.151-188.

3. Shapiro V. 2007. Semi-analytic geometry with R-
Functions, Acta Numerica, Cambridge University
Press, 16, p.239-303.

4. Stoyan Yu.G., Yakovlev S.V. 1986. Mathematical
models and optimization methods of geometric
design. Kiev: Naukova Dumka, 268. (In Russian).

5. Komyak V.M. 1980. Optimization of placement
planar geometric objects in areas with complex form.
Kharkiv, p.24. (In Russian).

6. Panishev A., Levchenko A., Matsiy O. 2010.
Optimization of Closed Routes for Transport
Network // Artificial intellect. Nel, Pp.43-49.
Komyak V.M., Muntyan V., Sobol A.,



44

10.

11.

12.

13.

14.

15.

16.

17.

18.

YU. CHAPLYA, O.

Komyak V.V. 2013. Mathematical model and
algorithm of defining optimal routes in the problem
of compose rational evacuation plans. Moscow:
RUDN, Pp. 220-225. (In Russian).

Sobol O.M., Sobina V.O., Tur O.M. 2010.
Construction of o-function in the problems of
covering given area by geometric objects with
variable metric characteristics / Applied Geometry
and Engineering Graphics. 86, Pp.118-122. (In
Ukrainian).

Sobina V.0. 2011. Modeling the rational covering of
railway objects by departure areas of firefighting
subdivisions // Kharkiv University of Air Forces,
1(27), Pp.240-242. (In Ukrainian).

Sobol O.M. 2008. Method of rational splitting
multiply sets by polygons with variable metric
characteristics // Scientific Notes, 22(1), Pp.324-328.
(In Ukrainian).

Sadkovyi V., Komyak V., Sobol O. 2008. Efficient
splitting sets at regional planning in the field of civil
protection. Gorlivka: Lihtar, p.174. (In Ukrainian).
Zhiltsov A., Kondratenko 1., and Sorokin D. 2012.
Mathematical modelling of  nonstationary
electromechanical processes in Coaxial-Linear
Engine // ECONTECHMOD. An international
quarterly journal, Vol. 1, No. 2, Pp. 69-74.

Batluk V., Basov M., Klymets’ V. 2013.
Mathematical model for motion of weighted parts in
curled flow / ECONTECHMOD. An international
quarterly journal, Vol. 2, No. 3, Pp.17-24.

Popov V., Chub 1., Novozhylova M. 2015. The
optimal structure for territorial technogenic safety
system // ECONTECHMOD. An international
quarterly journal, Vol.4, No.3, Pp.79-84.

Dowsland K., Gilbert M., Kendall G. 2007. A local
search approach to a circle cutting problem arising in
the motor cycle industry. Journal of the Operational
Research Society, N.58, Pp.429-438.

Milenkovic V.J. 2002. Densest translational lattice
packing of non-convex polygons. Computational
Geometry, N.22, Pp.205-222.

Gomes A.M., Oliveira J.F. 2006. Solving irregular
strip packing problems by hybridizing simulated
annealing and linear programming. European Journal
of Operational Research, N.171, Pp.811-829.

Birgin E., Gentil J.M. 2010. New and improved
results for packing identical unitary radius circles
within triangles, rectangles and strips. Computers &

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

SOBOL

Operations Research, N.37, Pp. 1318-1327.
Bortfeldt A. 2006. A genetic algorithm for the two-
dimensional strip packing problem with rectangular
pieces. European Journal of Operational Research,
N.172, Pp.814-837.

Imahori S., Yagiura M. 2010. The best-fit heuristic
for the rectangular strip packing problem: an efficient
implementation and the worst-case approximation
ratio. Computers & Operations Research, N.37,
Pp.325-333.

Zlotnik M. 2007. Mathematical model and method
of solution a problem of placement undirected
polygons and circles. Kharkiv, 19. (In Ukrainian).
Pankratov A., Stoyan Yu., Romanova T. Zlotnik
M. 2011. Automatic system of phi-function
generation for arbitrary 2D-objects Proc. 8nd
ESICUP Meeting. Copenhagen, 20.

Popova A.V. 2014. Model and method of optimum
placement planar directed geometric objects with
piecewise non-linear boundaries / Modern Problems
of Modeling, N.2, Pp.88-93. (In Ukrainian).

Chaplya Yu., Popova A., Sobol O. 2014. Geometric
information in the problems of optimum placement
planar geometric objects with piecewise non-linear
boundaries. Kyiv: DIYA, Vol.3, Pp.214-219. (In
Ukrainian).

Komyak V.,  Sobol O., ChaplyaYu. 2014.
Mathematical model of optimum placement planar
undirected geometric objects with piecewise non-
linear boundaries // Bulletin of Kherson National

Technical University, 3(50), p. 300-305. (In
Ukrainian).

Sobol O., Chaplya Yu. 2014, Method of
construction 0-level of ®@-function for planar

undirected geometric objects with piecewise non-
linear boundaries // Modern Problems of Modeling,
N.3, Pp.119-125. (In Ukrainian).

Kirkpatrick S., Gelatt C., VecchiM. 1983.
Optimization by simulated annealing. Science, Vol.
220, Pp.671-680.

Savin A., Timofeeva N. 2012. Application of
optimization algorithm simulated annealing method
on parallel and distributed computing systems. News
of Saratov University, 1 (12), Pp.110-116. (In
Russian).



