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The problems of vibrations of critical structural elements have been the focus of attention of many 

researchers and engineers over the past decades [1,2]. Each new design requires additional research. 

New modern materials are being developed, special devices for vibration damping are being introduced  

[3-5]. At the same time, new efficient numerical methods are being developed [6,7].  

Thin round elastic plates are often used as critical elements of complex engineering structures. Suppose, 

deformation of the plate is described by function w.  Natural modes 𝑤𝑙  and their corresponding natural

frequencies  𝑙 are determined by solving such a spectral problem 

𝐷ΔΔ𝑤𝑘 + (𝐾− ρ𝑝ℎ𝑘
2 )𝑤𝑘 = 0, (1) 

𝑤|
𝑟=𝑅 = 0,

𝑑𝑤

𝑑𝑟
|

𝑟=𝑅
= 0. (2) 

Keywords: vibrations, circle plate, numerical methods for evaluation of roots 

Since equations (1),(2) have solutions in the next form 

𝑤𝑘𝑚 (𝑟, ) = 𝐹𝑘 (𝑟) сos𝑚 ,

then it have been concluded that equation (1) allows reduction by сos𝑚 .  

We have restricted by the case of axially symmetric oscillations, that is, we assume that m=0. 

Introducing the following notation 

4 =
2ρ𝑝ℎ

𝐷
−

𝐾

𝐷
,

One can see that equation (1) takes the form (Δ − α2)(Δ + α2)𝐹 = 0 and could reduced to the next

system 

𝑑2𝐹

𝑑𝑟2 +
1

𝑟

𝑑𝐹

𝑑𝑟
− α2𝐹 = 0, (3) 

𝑑2𝐹

𝑑𝑟2 +
1

𝑟

𝑑𝐹

𝑑𝑟
+ α2𝐹 = 0. (4) 

The solutions of equation (3) are Bessel functions of the first and second kind of zero order 𝐽0(α𝑡) and

𝑌0 (α𝑟), and the solutions of equation (4) are modified Bessel functions of the first and second kind of

zero order I0(α𝑟) and 𝐾0 (α𝑟). So, the general solution of equation (1) has the following form 
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𝐹(𝑟) = 𝑎 J0(αr) + 𝑏 𝑌0 (α𝑟) + 𝑐 I0(αr) + 𝑑K0 (α𝑟),  (5) 

where 𝑎, 𝑏, 𝑐, 𝑑  are constants. 

Since at 𝑟 → 0 functions 𝑌0 (α𝑟) and 𝐾0 (α𝑟) grow endlessly, it has been assumed that 𝑏 = 0,  𝑑 = 0, to 

avoid non-physical movements. Next, the boundary conditions for fixing the plate along the contour 

was used. In the case of rigid fixation we have 

𝐹|
𝑟=𝑅 = 0,   

𝑑𝐹

𝑑𝑟
|

𝑟=𝑅
. 

Using (5) we receive 

{
𝑎 J0(α𝑅) + 𝑐 I0(α𝑅) = 0

𝑎 J1(α𝑅) + 𝑐 I1(α𝑅) = 0
    (6) 

In order for the system (7) to have a nonzero solution, it is necessary that the determinant of this system 

is equal to zero. Therefore, there have been got the characteristic equation for finding the unknown 

quantity   

|
J0(α𝑅) I0(α𝑅)

J1(α𝑅) I1(α𝑅)
| = J0(α𝑅) I1(α𝑅) − I0(α𝑅) J1(α𝑅) = 0.  (7) 

 Then we find numerical value of roots of equation (7) using following computational technique 

 

To find the numerical values of the roots of the above equation, the mathematical environment 

MATLAB was used. 

 

To begin with, this equation was visualized: 

 

Figure 1. Behavior of function  J0(αR) I1(αR) − I0 (αR) J1(αR). 

As we can see from Fig.1, the root of the equation is within the vertical axis from 2 to 4 units. 
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To find the root of the equation, the "Chord method" was used. Fig. 2. Also, the "Half Length Method" 
was used as a comparison, although the resulting root values were correct, but the value of the function 

at this point was inaccurate. 

 

Figure 2. Chord method code 

As a result, the following value of the root of the equation with a radius equal to one was obtained, 

Figure 3:  

α = 3.1962  

The value of the function when the root is found: 

J0(α𝑅) I1(α𝑅) − I0(α𝑅) J1(α𝑅) = 1.7131 × 10−8 ≈ 0 

 

Figure 2. The result of the program execution 

So, the lowest value of the own frequency according to [8] can be obtained as f=25.2047Hz.  

CONCLUSION 

Auxiliary program code is elaborated to solve the problem of vibrations of axisymmetric designs. In the 

future, a software package will be developed for calculating the strength and vibrations of axisymmetric 

structures when interacting with the aquatic environment. 
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