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Abstract—The objective of this paper is to develop 

effective methods of weight optimization for wind turbine 

blades. New mathematical model based on the application 

of boundary element method is proposed. Hypersingular 

integral equations are used to determine the dynamic 

pressure on the blade. A new version of the nonlinear 

programming method, based on the usage of adaptive 

management of optimization procedures, is elaborated. As 

computer simulation results, the wind turbine blade is 

obtained with minimal weight. 

Keywords—wind turbine blades; hypersingular 

integral equation; nonlinear programming; weight 

optimization. 

I.  INTRODUCTION AND LITERATURE REVIEW 

Modern wind power plants are technical complexes 
consisting of a large number of interacting nodes and 
aggregates of various purposes. Among them, the main 
place is occupied by the vane system of the windmill. 
Optimal design of this type structures uses search 
procedures for determining the optimal set of parameters 
that satisfy the specified constraints and provide the best 
value of the accepted optimal criterion. Such procedures 
are well known [1], however, they have different 
effectiveness depending on changing conditions of the 
search process of the optimum, and it is not always 
possible, applying any of them separately, to achieve 
success inacceptable time. The proposed research uses 
an original hybrid optimization method. With its 
implementation, the multi-parameter problems of 
nonlinear programming are effectively solved, taking 
into account the system limit and functional restrictions 
[2]. 

Now a lot of methods are developed to estimate 
dynamic and strength characteristics of small wind 
turbines [3, 4]. Both for large and small turbine optimal 
designing, two types of computational techniques, 
namely, dynamic and strength analysis, and nonlinear 
programming are usually involved. For stress-strain 
analysis the finite [5] and boundary [6] element 
methods, finite volume methods [7], as well as 

computational dynamics methods [8, 9] are effectively 
applied. The modern aspects of nonlinear programming 
are described in [10]. It should be noted that the 
numerical implementation of finite element and volume 
methods including turbulence models require essential 
computer time. It leads to difficulties when applying 
optimization procedures, that require a lot of an 
objective function and restrictions calculations.  

So, in this paper two effective numerical techniques 
are used. First of them is hypersingular integral method 
with boundary elements implementation [11] for 
obtaining the blade dynamic characteristics, and second 
one is related to nonlinear programming [12]. Coupling 
these methods allows to elaborate new effective 
technique for optimal designing blades of wind turbine. 

II. METODOLOGY 

A. Problem Statement  

To calculate the stress-strain state, the blade is 
modeled as a thin-walled naturally twisted rod of 
variable cross-section of length L, fixed to the wind 
turbine wheel [13]. Let us choose a coordinate system in 
which ZG is the axis of rotation, XG coincides with the 
axis of the wind wheel, Fig. 1. The YG direction is 
chosen so that the global coordinate system is right-
handed. For stress-strain analysis of the blade, introduce 
a coordinate system (x, y, z), with axes parallel to XG, 
YG, ZG, respectively, is introduced. The origin of 
coordinates is located at the section center of gravity. 
The blade geometry is represented by a set of sections. 
In each of them the following profile parameters are 
specified: coordinates (x,y) of the external contour, 
section thickness h(z) 

It is assumed that the blade is subjected to 
aerodynamic loads and centrifugal forces. The 
calculated aerodynamic load is reduced to distributed 
lateral loads qx, qy and distributed torque mz. As an 
example, the blade with following characteristics is 
considered. The blade length including the extension is 
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L = 19.13 m. The elastic constants are taken as follows: 

modulus of elasticity of the extension E0=210
5
 MPa, the 

elasticity modulus of the blade E varied from 4.9210
4
 

up to 2.510
4
 MPa; Poisson's ratio is  = 0.18, material 

density is =1.610
3
 kg/m3. 

 

a)  

 

b) 

Figure 1.  Blade model a) and its section b) 

The speed of windmill rotation is = 55 rpm, the 
wind speed is 10 m/s. The number of blade sections is 
assumed to be equal to 65. The thickness in the blade 
sections varied in the root section at the edge from 5 to 
2 mm, the thickness in the section of the extension cord 
is equal to 8 mm. The displacements and stresses 
distributions in the blades under of aerodynamic and 
centrifugal loads are estimated [13]. The stress 
distributions across the blade section and along z-axis 
are shown in Fig. 2a), b). 

The air environment is assumed to be ideal, 
incompressible and vortex free. The problem of flow 
distribution around the blade can be reduced to solving a 
hypersingular integral equation. It allows us to 
determine the pressure fall along the blade. 
Aeroelasticity problem is solved in uncoupled 
formulation, i.e. deformations and displacements are 
considered to have any effect on the aerodynamic forces 
acting on the blade.  

For optimal design of such structures, it is necessary 
to use procedures for minimizing (maximizing) some 
objective function by appropriately choosing project 
parameters under given restrictions. The restrictions 
themselves are functions of the initial parameters too. 

Describe a possible formulation of the optimization 
problem for the wind wheel blade. It is required to find 
the blade of minimum weight under the following 
conditions. At stationary aerodynamic loads and 
centrifugal forces, normal displacement w should not 
exceed a given value [w], stresses are restricted by the 

value [], the first frequency of natural vibrations  also 
has to be limited. Thus, for i=1,…N there are 

|     |  [ ], |     |  [ ], [  ]    [  ]   

(1) 

The objective function here is the blade mass 

m = V, where  is the material density, V is the blade 
volume defined as 

   ∑  ∫        
    

  

   
    

where S(z) is the cross-sectional area, (N –1) is sections 
number. 

 

a) 

 

b) 

Figure 2.  Stress distribution 

The variable parameters here are the thickness of the 
blade in different sections hi(z), i = 1,…, N. 

Thus, the considered extremal problem (1) (2) is a 
nonlinear programming problem [2],[10] when it is 
necessary to find the vector 

            
   

     

     

in the domain 

   {               }     

of the finite-dimensional parametric space En, delivering 
the extremum of the given objective function F(X), 

defined in some extension of HG. 

B. Hypersingular Integral Equation Technique 

To calculate aerodynamic loads, the blade is 
modeled by a bearing surface of finite dimensions S1. 
On this surface there is a vortex layer descending from 
the trailing edge in the form of a sheet of vortices S2, 
propagating in the direction V0 of the oncoming flow. In 
this case, the pressure drop    across the blades is 
determined from the Cauchy-Lagrange integral, which 
in this case has the form 

 
  

  
              

where 0 is the liquid density,   is the velocity 
circulation, and    is the relative fluid velocity, 

VR= V0  –   r, r is radius-vector of the point under 
consideration. 
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Consider the problem of flowing the ideal 
incompressible fluid around the thin load-bearing 
surface. Since the flow is considered irrotational 
everywhere outside the bearing surface S1 and the vortex 
wake S2 behind it, there exist a potential for the absolute 
fluid velocity, which satisfies the Laplace equation 
everywhere outside the discontinuity surfaces S1  and S2. 
Require that the non-flow condition be satisfied on the 
bearing surface S1, as well the absence of pressure drop 
along the vortex wake S2. In addition, it is necessary to 
satisfy the condition of attenuation of perturbed 
velocities at infinity. The most acceptable solution 
representation to the described above problem for the 
Laplace equation is the double layer potential [14]. 

Aerodynamic loads are determined by solving the 
hypersingular integral equations using the boundary 
element method as described in [11]. The problem is 
reduced to solving the following hypersingular equation 

 
 

  
∬     

  

      
(

 

|   |
)     

           (       ) 

Hypersingular integral equation (6) is  solved by 
reducing to the following system of linear algebraic 
equations [11] 

 ∑        (   )
 
              

where elements of the matrix     are obtained by 

calculating the hypersingular integrals over boundary 
elements [14]. 

Note that over most blade part the stresses z are 
almost constant, Fig. 2b). This result is obtained due to 
the variability of the cross-section parameters along the 
blade length. 

C. Hybrid Optimization Method with Adaptive Control  

For optimal design of complex multi-parameter 
objects of the type under consideration, it is convenient 
to use automatic hybrid search optimization method [1], 
applied to find the local optimal vector X* of the 
conditional extremum problem, modeling, in particular, 
problem (1) – (4).  

The analysis of optimization procedures and features 
of solving the optimal design problems shows that the 
simple accumulation of effective methods in the 
software library and even the introduction of an 
interactive solution mode, cannot provide the effective 
conditions for optimization. This is due to the fact that 
the task being implemented is not provided in advance 
with an appropriate set of attributes by which the control 
metaprogram would be able to identify the situation and 
assign the necessary method. 

The essence of the proposed method is as follows. 
There are a number of hybrid methods that make up the 

hybrid coalition {Mi}. The criterion Q() is set, which 
determines during the process, which of the hybrids in 

given situation  can be used to achieve the goal most 
effectively. 

A control function u = u(Q()) is introduced, which 
establishes an adaptive strategy for putting into 

operation a specific hybrid Mk {Mi}, i = 1,..., k,..., s (or 
a group of methods-hybrids). The joint actions of 

methods-hybrids ensure a more effective achievement of 
the goal than each of the hybrids of the coalition 
individually. This is achieved by introducing special 
adaptive control, which obtains vectors of minimizing 
sequences {Xkr}, search directions Dir Xkr, and search 
adaptive steps hkr, in accordance with the changing 

situation . 
In general, adaptive control u can be represented as 

{

  
 

      
 

  
 

}  ∑   (     ) 
    {

  
  

     
  

   

}

 ∑   (     ) 
      

where   (     ) are non-negative control functions 

defined on the set {  }of situations,   
         

 ,   
 
 are 

the point, the direction emanating from this point, and 
the adapting search step generated by Mi method from 
the coalition {Mi}, respectively, k is an iteration number. 
The following modifications of methods were selected 
as hybrids Mi for this version of the hybrid optimization 
method: adaptive step-by-step descent, Abramov 
scheme, ravine modification, Hooke-Jeeves, Davidon-
Fletcher-Powell methods, parallel tangent method, 
secant motion along the boundary of region G [10].  

On each of the selected search directions, one-
dimensional minimization of the objective function was 
carried out [12]. In [2] it is shown that the hybrid 
method can solve a wide class of problems much more 
efficiently than each of the abovementioned hybrids. 

III. RESULTS AND DISCUSSION 

To obtain an optimal design, the wind turbine blade 
with the following parameters was considered: L= 4 m, 

elastic modulus E=510
5
MPa, Poisson's ratio =0.3, 

material density =1.610
3
 kg/m3, wind wheel rotation 

speed  = 20 rpm, wind speed 10m/s, []=200 MPa, 

frequency range [1] = 0.1Hz, [2] =10Hz. The blade 
width varied from 1 m to 0.6 m. 

In the process of solving the problem, the fields of 
displacements and stresses in the blade under 
aerodynamic loads are determined. The number of 
sections was taken equal to 28.  

The maximum displacement in the plane of rotation 
of the wind wheel, normal to the OZ axis, is 28.5 cm, 
maximum bending stresses in the root section of the 
blade is 12.8 MPa, first frequency of natural oscillations 
is equal to 2.28 Hz.  Table 1 shows the results of solving 
the optimization problem for the series blade sections Zi. 
The initial values of thickness in sections h0 and optimal 
parameters h* are presented. In the initial version, the 
mass of the blade was equal to 19.38 kg.  

As a result of optimization, the blade with weight 
equals to 16.64kg was obtained. The only active 
restriction was the blade movement. The natural 
frequency of oscillations was changed slightly during 
the counting process, this change did not violate the 
specified restrictions. Thus, methods for calculating 
aerodynamic loads and analyzing the stress-strain state 
of the wind turbine blades showed high efficiency and 
accuracy, which made it possible to formulate and solve 
optimization problem that requires repeated verification 
calculations. Using the developed in-house hybrid 
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adaptive method, the problem of weight optimization of 
wind turbine blades was solved. 

TABLE I.  INITIAL AND OPTIMAL PARAMETERS OF THE BLADE 

Section 

Number  

Coordinates and Thickness 

Coordinate 

z, m 

Initial Thickness, 

mm 

Optimal 

Thickness. mm 

1 0.800 6.0 5.04 

2 1.236 5.6 4.73 

3 1.818 5.0 4.21 

4 2.400 4.4 3.67 

5 2.836 4.0 3.25 

6 3.564 3.2 2.41 

7 4.000 3.0 2.19 

IV. CONCLUSION AND FURTHER RESEARCH 

An effective method for weight optimization of wind 
turbine blades has been developed.  

The mathematical model has been developed to 
determine the air pressure on the wind turbine blade 
based on the method of hypersingular integral equations 
and namely the boundary element method for its 
numerical implementation. The unknown densities are 
supposed to be constants along the elements. The 
adaptive hybrid method of nonlinear programming is 
applied for solving the problem of weight blade 
optimization. 

In this research the new version of the method for 
solving nonlinear programming problems has been 
developed, based on the use of a combination of various 
optimization methods, which are included in the process 
by introducing the adaptive control. The estimation of 
the blade of wind power plants was carried out, which 
allowed reduce its weight while meeting design and 
strength constraints. 

The further research in the area will be concern with 
application of new innovative composite as materials for 
wind turbine blades producing [15]. It allows to design 
the blades of wind turbine with improved mechanical 
characteristics. The proposed approach will be also 
generalized to strength and dynamical analysis of wind 
turbines with a vertical axis of rotation [16] as well as 
their weight optimization. 
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