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Ìîíiòîðèí  ïðèðîäíèõ òà øòó÷íèõ ãàììà-ïîëiâ ñòàâ íå ëèøå íåçàìiííèì äîïîìiæíèì çàñî-
áîì ó ïîøóêàõ êîðèñíèõ êîïàëèí ÷è ãåîôiçè÷íèõ äîñëiäæåííÿõ, àëå i ÿê îêðåìèé çàñiá äëÿ
îöiíêè ñòàíó íàâêîëèøíüîãî ñåðåäîâèùà ïiä ÷àñ àâàðié, ïîøóêó âèñîêîðàäiîàêòèâíèõ äæå-
ðåë âèïðîìiíþâàííÿ, îð àíiçàöi¨ àíòèòåðîðèñòè÷íèõ çàõîäiâ. Íà ñüîãîäíi íàéàêòèâíiøå ðîçâè-
âà¹òüñÿ äèñòàíöiéíèé ñïîñiá ìîíiòîðèí ó ãàììà-ïîëiâ, âêëþ÷íî íàñàìïåðåä ç âèêîðèñòàííÿì
áåçïiëîòíèõ ëiòàëüíèõ àïàðàòiâ. Áiëüøiñòü çàäà÷ ìîíiòîðèí ó ãàììà-ïîëiâ ìîæíà ðîçâ'ÿçóâàòè
åôåêòèâíiøå iç çàëó÷åííÿì âiäïîâiäíîãî ìàòåìàòè÷íîãî ñóïðîâîäó çàäà÷i. Çîêðåìà, çàäà÷à ïðî
îöiíêó iíòåíñèâíîñòi ãàììà-âèïðîìiíþâàííÿ çàáðóäíåíèõ  ðóíòiâ âèìàãà¹ ïðàâèëüíîãî âðàõó-
âàííÿ ïðîöåñiâ, ùî âïëèâàþòü íà ôîðìóâàííÿ ïîòîêó ãàììà-êâàíòiâ, âêëþ÷íî ç ïðîöåñàìè çà-
ãàñàííÿ. Âèêîðèñòîâóþ÷è åêñïîíåíöiéíèé çàêîí çàãàñàííÿ ãàììà-ïðîìåíiâ ó ñåðåäîâèùi òà ¨õ
ãåîìåòðè÷íå ðîçõîäæåííÿ, ðîçãëÿíóòî çàäà÷ó ïðî iíòåíñèâíiñòü ãàììà-ïîëÿ øàðóâàòîãî  ðóí-
òîâîãî ìàñèâó. Ó ïðàöi îòðèìàíî àíàëiòè÷íèé âèðàç äëÿ îïèñó iíòåíñèâíîñòi ïîëÿ äâîøàðîâîãî
 ðóíòó çàëåæíî âiä ãóñòèíè, òîâùèí òà ìàñîâèõ êîåôiöi¹íòiâ çàãàñàííÿ ïðîøàðêiâ, à òàêîæ
âèñîòè äåòåêòîðà íàä ïîâåðõíåþ  ðóíòó. Ç'ÿñîâàíî îñîáëèâîñòi ïîâåäiíêè ôóíêöi¨ iíòåíñèâ-
íîñòi ïîëÿ äëÿ ðiçíèõ êîìáiíàöié çàëÿãàííÿ ïðîøàðêiâ òà äëÿ âåëèêèõ çíà÷åíü âèñîòè íàä
ïîâåðõíåþ  ðóíòó. Àë îðèòì îá÷èñëåííÿ iíòåíñèâíîñòi ãàììà-ïîëÿ óçàãàëüíåíî íà âèïàäîê
ñêií÷åííî¨ êiëüêîñòi ïðîøàðêiâ. Îòðèìàíi ðåçóëüòàòè ìîæóòü ñòàíîâèòè iíòåðåñ äëÿ ïîáóäîâè
ðîçâ'ÿçêiâ îáåðíåíèõ çàäà÷, ùî âèíèêàþòü ïiä ÷àñ äèñòàíöiéíîãî äåòåêòóâàííÿ ãàììà-ïîëiâ
çàáðóäíåíèõ òåðèòîðié çà äîïîìîãîþ áåçïiëîòíèõ ëiòàëüíèõ àïàðàòiâ.
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ÂÑÒÓÏ

Ìåòîäè ãàììà-ñïåêòðîìåòði¨ âèÿâèëèñÿ âêðàé êî-
ðèñíèìè äëÿ äîñëiäæåííÿ øòó÷íî¨ òà ïðèðîäíî¨
ðàäiîàêòèâíîñòi íàâêîëèøíüîãî ñåðåäîâèùà. Ãàììà-
ñïåêòðîìåòðiþ çäåáiëüøîãî âèêîðèñòîâóþòü äëÿ âè-
ÿâëåííÿ âèñîêî- ðàäiîàêòèâíèõ äæåðåë àáî çàãàëüíî-
ãî âiäîáðàæåííÿ ðàäiîàêòèâíîãî ïîëÿ [1�3]. Íà ñüîãî-
äíi äîáðå âiäîìî ïðî äîñâiä óñïiøíîãî çàñòîñóâàííÿ
ìåòîäiâ ãàììà-ñïåêòðîìåòði¨ â ãàëóçÿõ ïîøóêó êîðè-
ñíèõ êîïàëèí, ìåäèöèíè, ìîíiòîðèí ó íàâêîëèøíüîãî
ñåðåäîâèùà, ñiëüñüêîãî ãîñïîäàðñòâà, àíòèòåðîðèñòè-
÷íîãî çàõèñòó, îöiíêè íàñëiäêiâ ðàäiîàêòèâíîãî çàáðó-
äíåííÿ òîùî. Çàëåæíî âiä ìåòè òà óìîâ äîñëiäæåíü
âèêîðèñòîâóþòü ñòàöiîíàðíî âñòàíîâëåíi äåòåêòîðè
àáî ðîçìiùåíi íà ïåðåñóâíèõ çàñîáàõ (íàçåìíi ðóõî-
ìi ïëàòôîðìè, áåçïiëîòíi ëiòàëüíi àïàðàòè (ÁïËÀ),
ëiòàêè òîùî). ßê áè íå ïðîâîäèëè äîñëiäæåííÿ, ñòà-
öiîíàðíî ÷è çà äîïîìîãîþ ðóõîìîãî íîñiÿ äåòåêòîðà,
â îáîõ âèïàäêàõ âèíèêà¹ íèçêà ñõîæèõ ñóïðîâiäíèõ
çàäà÷. Çîêðåìà, ïîñòà¹ ïðîáëåìà îöiíêè ãàììà-ïîëÿ,

óòâîðåíîãî äæåðåëàìè, ùî ðîçïîäiëåíi íà ïîâåðõíi
[1�4] òà ó âåðõíiõ øàðàõ  ðóíòó. Îäèí iç ñïîñîáiâ
åôåêòèâíîãî ðîçâ'ÿçàííÿ öi¹¨ ïðîáëåìè  ðóíòó¹òüñÿ
íà âèêîðèñòàííi ðîçâ'ÿçêiâ îáåðíåíî¨ çàäà÷i ïðî êiëü-
êiñòü ãàììà-êâàíòiâ, ùî ðå¹ñòðó¹ äåòåêòîð [3, 5].
Ñâî¹þ ÷åðãîþ, çàçíà÷åíà çàäà÷à ìiñòèòü îöiíêó

iíòåíñèâíîñòi ãàììà-âèïðîìiíþâàííÿ I (àáî ïîòîêó
ãàììà-êâàíòiâ), ÿêà âèçíà÷à¹òüñÿ òàêèì áàãàòîìið-
íèì iíòå ðàëîì [1, 2, 4�9]:
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Aεq

4π

∫∫∫
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e−µaρara−µgρgrg
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r2
dV, (1)

äå A òà ε � ïëîùà ïîâåðõíi òà åôåêòèâíiñòü äåòåêòî-
ðà, q � àêòèâíiñòü äæåðåë ãàììà-êâàíòiâ, r � âiä-
ñòàíü âiä òî÷êè ñïîñòåðåæåííÿ äî äæåðåëà âèïðî-
ìiíþâàííÿ, ra, rg � âiäñòàíi, ÿêi ïðîõîäÿòü ãàììà-
ïðîìåíi â ïîâiòði òà  ðóíòi, µa, µg � ìàñîâi êîåôiöi-
¹íòè çàãàñàííÿ ãàììà-ïðîìåíiâ ó ïîâiòði òà  ðóíòi, ρa,
ρg � ãóñòèíè ïîâiòðÿ òà  ðóíòó, V � äiëÿíêà iíòå ðó-
âàííÿ, ÿêà âiäïîâiäà¹ îá'¹ìó  ðóíòó ç ðîçïîäiëåíèìè
äæåðåëàìè ãàììà-âèïðîìiíþâàííÿ.
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Âiäîìî êiëüêà ñïîñîáiâ âèáîðó îá'¹ìó iíòå ðóâàííÿ
ç óðàõóâàííÿì ðiçíèõ äîïîìiæíèõ òâåðäæåíü. Çîêðå-
ìà, äiëÿíêà V ìîæå çáiãàòèñÿ ç íàïiâïðîñòîðîì [1, 7]
÷è ïðèçìîþ ç íåîáìåæåíèì âåðòèêàëüíèì âèìiðîì
[8], ùî ïðèâîäèòü äî íåâëàñíèõ iíòå ðàëiâ. Ó ðàçi âè-
êîðèñòàííÿ êîëiìàòîðiâ ïiä ÷àñ äåòåêòóâàííÿ ãàììà-
êâàíòiâ i ç óðàõóâàííÿì çàãàñàííÿ âèïðîìiíþâàííÿ
ïiä ÷àñ ïðîõîäæåííÿ ÷åðåç ñåðåäîâèùà, íå óâåñü îá'¹ì
 ðóíòó âïëèâà¹ íà ïîêàçíèêè äåòåêòîðiâ, ùî ðîáèòü
îáìåæåííÿ äiëÿíêè V öiëêîì âèïðàâäàíèì [6, 9].
Ó öüîìó äîñëiäæåííi ðîçãëÿíåìî àíàëiòè÷íå îá÷è-

ñëåííÿ âåëè÷èíè I, êîëè äiëÿíêà V îáèðà¹òüñÿ íà
îñíîâi ãiïîòåçè ðîáîòè [9]. Âiäïîâiäíî äî ãiïîòåçè, äi-
ëÿíêà iíòå ðóâàííÿ V âiäïîâiäà¹ îá'¹ìó  ðóíòó, ÿêèé
îáìåæåíèé çåìíîþ ïîâåðõíåþ òà içîïîâåðõíåþ. Içîïî-
âåðõíÿ ñêëàäà¹òüñÿ ç òî÷îê, äëÿ ÿêèõ ìiðà çàãàñàííÿ
ãàììà-ïðîìåíiâ, ùî ç íèõ âèõîäÿòü i äîñÿãàþòü òî÷êè
ñïîñòåðåæåííÿ, � ñòàëà âåëè÷èíà. Ìiðà çàãàñàííÿ ¹
àë åáðà¨÷íîþ ñóìîþ ìið çàãàñàííÿ ãàììà-ïðîìåíiâ ó
êîæíîìó ç ïðîøàðêiâ. Íà äîäàòîê äî äîñëiäæåíü ðî-
áîòè [9],  ðóíò ðîçãëÿíóòî ÿê ñóêóïíiñòü ïàðàëåëü-
íèõ îäíîðiäíèõ ïðîøàðêiâ ðiçíî¨ òîâùèíè, ùî òî÷íi-
øå îïèñó¹ ñòðóêòóðó ðàäiîàêòèâíîãî ìàòåðiàëó òà ìî-
æå áóòè âèêîðèñòàíî â îáåðíåíèõ çàäà÷àõ [5]. Ó ðîáî-
òi âèâåäåíî àíàëiòè÷íèé âèðàç äëÿ I äëÿ äâîøàðîâîãî
 ðóíòó, çà äîïîìîãîþ ÿêîãî àíàëiçó¹òüñÿ çàëåæíiñòü
I âiä âèñîòè äåòåêòîðà íàä ïîâåðõíåþ  ðóíòó, à òàêîæ
ñôîðìóëüîâàíî àë îðèòì óçàãàëüíåííÿ çàëåæíîñòi I
äëÿ áiëüøî¨ êiëüêîñòi  ðóíòîâèõ ïðîøàðêiâ.

I. ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×I

Îòæå, ðîçãëÿíóòî  ðóíòîâèé øàðóâàòèé ìàñèâ,
ÿêèé ñêëàäà¹òüñÿ ç K ïëîñêîïàðàëåëüíèõ ïðîøàð-
êiâ òîâùèíè hi òà ãóñòèíè ρig, i = 1, . . . ,K. Êîæíèé
ïðîøàðîê õàðàêòåðèçó¹òüñÿ êîåôiöi¹íòîì çàãàñàííÿ
ãàììà-ïðîìåíiâ µi

g. Ìåòîþ äîñëiäæåíü ¹ îá÷èñëåííÿ
iíòåíñèâíîñòi ãàììà-êâàíòiâ íà âiäñòàíi h âiä ïîâåðõíi
çåìëi ç óðàõóâàííÿì, ùî êîåôiöi¹íò çàãàñàííÿ ãàììà-
ïðîìåíiâ ó ïîâiòði µa. Äëÿ ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i âè-
êîðèñòà¹ìî ïiäõiä, ðîçðîáëåíèé ó ïðàöi [9] äëÿ îäíî-
øàðîâîãî  ðóíòó, â ÿêié ìîäèôiêîâàíî àë îðèòì îöií-
êè iíòåíñèâíîñòi ãàììà-âèïðîìiíþâàííÿ. Çãiäíî ç ìå-
òîäîì, îá'¹ì  ðóíòó îáìåæåíî ïîâåðõíåþ, íà ÿêié âè-
êîíó¹òüñÿ óìîâà ïðî òå, ùî çàãàëüíå çàãàñàííÿ âñiõ
ãàììà-ïðîìåíiâ ó  ðóíòi òà ïîâiòði îäíàêîâå, òîáòî
íå çàëåæèòü âiä êóòà θ. Íà îñíîâi òàêîãî ïðèïóùåí-
íÿ ìîæíà åôåêòèâíî îá÷èñëèòè iíòå ðàë àíàëiòè÷íî.
Çîêðåìà, äëÿ îäíîøàðîâîãî  ðóíòó, ÿê ïîêàçàíî â [9],
Supplementary data, ìà¹ìî,

I =
Aεq

2µgρg

[
E2 (µaρah)− cos θ1E2

(
µaρah

cos θ1

)

− e−µaρah−µgρgd (1− cos θ1)

]
,

(2)

äå E2(x) = x
∫∞
x

e−tt−2dt � iíòå ðàëüíî-ïîêàçíèêîâà
ôóíêöiÿ 2-ãî ðîäó (E2(0) = 1, E2(∞) = 0), cos θ1 � êî-
ñèíóñ íàéáiëüøîãî êóòà, ïiä ÿêèì âèäíî äiëÿíêó iíòå-

 ðóâàííÿ ç òî÷êè ñïîñòåðåæåííÿ. Çàçíà÷èìî, ùî êîëè
äiëÿíêà iíòå ðóâàííÿ çáiãà¹òüñÿ ç íàïiâíåñêií÷åííèì
ïðîñòîðîì, òî ç (2) âèïëèâà¹ (θ1 → π/2, d → ∞)

I∞ =
Aεq

2µgρg
E2 (µaρah) . (3)

Íàäàëi ðîçãëÿíüìî óçàãàëüíåííÿ ôîðìóëè (2) íà
âèïàäîê äâîøàðîâîãî  ðóíòó, âèêîðèñòîâóþ÷è ñõåìó
îá÷èñëåííÿ, çîáðàæåíó íà ðèñ. 1.

Ðèñ. 1. Ñõåìà äiëÿíêè iíòå ðóâàííÿ äëÿ iíòå ðàëà (1) ó
âèïàäêó äâîøàðîâîãî  ðóíòó

Fig. 1. The diagram of the integration domain for integral (1)
in the case of a two-layered soil

II. ÏÎÁÓÄÎÂÀ ÀÍÀËIÒÈ×ÍÈÕ ÂÈÐÀÇIÂ

ÄËß IÍÒÅÍÑÈÂÍÎÑÒI ÃÀÌÌÀ

ÂÈÏÐÎÌIÍÞÂÀÍÍß

Íåõàé äâîøàðîâèé  ðóíò õàðàêòåðèçó¹òüñÿ òàêèìè
ïàðàìåòðàìè: dj � òîâùèíè j-ãî ïðîøàðêó; ρjg � ãó-
ñòèíà ìàòåðiàëó j-ãî ïðîøàðêó; µj

g � êîåôiöi¹íò çà-
ãàñàííÿ âiäïîâiäíîãî ïðîøàðêó; j = 1, 2. Ç îãëÿäó íà
âèðàç ïiäiíòå ðàëüíî¨ ôóíêöi¨ â (1), çàäà÷ó îá÷èñëå-
ííÿ iíòå ðàëà, áåç âòðàòè çàãàëüíîñòi, ðîçãëÿäà¹ìî ó
ñôåðè÷íié ñèñòåìi êîîðäèíàò, ùî ïåðåäáà÷à¹ ñèìåòðè-
÷íó äiëÿíêó iíòå ðóâàííÿ. Òîäi âèðàç (1) çàïèñó¹ìî â
òàêié ôîðìi:

I =
Aεq

4π

∫∫∫
V

e−µaρara−µ1
gρ

1
gr

1
g−µ2

gρ
2
gr

2
g sin θ dr dθ dφ.

Î÷åâèäíî, ùî iíòå ðóâàííÿ ïî φ çäiéñíþ¹òüñÿ âiä 0
äî 2π, ïî r � âiä ïîâåðõíi  ðóíòó äî ìåæi äiëÿíêè Γ:
r = f(θ).
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Îá÷èñëåííÿ ïîêàçóþòü, ùî îòðèìàíèé iíòå ðàë ìîæíà ñïðîñòèòè, çàìiíèâøè u = cos θ òà çàïèñàâøè îñòà-
òî÷íèé ðåçóëüòàò ó ôîðìi êðàòíîãî iíòå ðàëà

2I

Aεq
=

∫ 1

cos θ2

du

∫ R2
max

h/u

exp

{
−µaρa

h

u
− µ1

gρ
1
g

d1
u

− µ2
gρ

2
g

(
r − h

u
− d1

u

)}
dr

+

∫ cos θ2

cos θ1

du

∫ R1
max

h/u

exp

{
−µaρa

h

u
− µ1

gρ
1
g

(
r − h

u

)}
dr,

(4)

äå R1,2
max(u) � ìåæi iíòå ðóâàííÿ, ÿêi âèçíà÷àþòüñÿ ñïîñîáîì çàäàííÿ ìåæi Γ.

Àíàëiòè÷íèé âèðàç ìåæi äiëÿíêè Γ çàëåæèòü âiä
òîãî, ó ÿêîìó ïðîøàðêó âîíà ïðîõîäèòü. Ç ðèñ. 1 âè-
ïëèâà¹, ùî çà |θ| ≤ θ2 ìåæà äiëÿíêè iíòå ðóâàííÿ âè-
çíà÷à¹òüñÿ ç óìîâè

µaρara + µ1
gρ

1
gr

1
g + µ2

gρ
2
gr

2
g

= µaρah+ µ1
gρ

1
gd1 + µ2

gρ
2
gd2,

(5)

äå âåëè÷èíè

ra =
h

cos θ
, r1g =

d1
cos θ

, r2g = r − r1g − ra.

Ñïiââiäíîøåííÿ (5) äà¹ çìîãó îá÷èñëèòè øóêàíèé âè-
ðàç äëÿ ìåæi iíòå ðóâàííÿ r = f(θ) ó öüîìó iíòåðâàëi:

r =
µaρa
µ2
gρ

2
g

h+

2∑
j=1

µj
gρ

j
g

µ2
gρ

2
g

dj

− h

cos θ

(
µaρa
µ2
gρ

2
g

− 1 +
d1
h

{
µ1
gρ

1
g

µ2
gρ

2
g

− 1

})
≡ R2

max.

Çíà÷åííÿ êóòà θ2 îá÷èñëþ¹ìî ç óìîâè, ùî r2g = 0.
Îòðèìà¹ìî

cos θ2 =
µaρah+ µ1

gρ
1
gd1

µaρah+
∑2

j=1 µ
j
gρ

j
gdj

.

Àíàëîãi÷íî, äëÿ âèçíà÷åííÿ àíàëiòè÷íîãî âèðàçó äëÿ
ìåæi â ïðîøàðêó 1, êîëè θ2 < |θ| < θ1, âèêîðèñòà¹ìî
óìîâó

µaρara + µ1
gρ

1
gr

1
g = µaρah+ µ1

gρ
1
gd1 + µ2

gρ
2
gd2, (6)

äå

ra =
h

cos θ
, r1g = r − ra.

Òîäi âèðàç äëÿ ìåæi iíòå ðóâàííÿ

r =
µaρa
µ1
gρ

1
g

h+

2∑
j=1

µj
gρ

j
g

µ1
gρ

1
g

dj −
h

cos θ

(
µaρa
µ1
gρ

1
g

− 1

)
≡ R1

max,

à êóò θ1 âèçíà÷à¹ìî çi ñïiââiäíîøåííÿ (êîëè r1g = 0
àáî r = h/ cos θ1)

cos θ1 =
µaρah

µaρah+
∑2

j=1 µ
j
gρ

j
gdj

.

Íà ðèñ. 1 âèäíî, ùî êðèâà Γ âòðà÷à¹ ãëàäêiñòü íà ìå-
æi ïðîøàðêiâ, îäíàê çi çìåíøåííÿì âiäìiííîñòi ìiæ
ïðîøàðêàìè êîëè µ1

gρ
1
g → µ2

gρ
2
g, ãëàäêiñòü çðîñòà¹.

Êîìåíòàð. Çàçíà÷èìî, ùî ïîäiáíi ìiðêóâàííÿ ëåã-
êî ïðîâåñòè äëÿ N ïðîøàðêiâ. Çîêðåìà, âèðàç äëÿ
îïèñó ìåæi â n-ìó øàði òàêèé:

r =
µaρa
µn
gρ

n
g

h+

N∑
j=1

µj
gρ

j
g

µn
gρ

n
g

dj

− h

cos θ

 µaρa
µn
gρ

n
g

− 1 +

n−1∑
j=1

dj
h

{
µj
gρ

j
g

µn
gρ

n
g

− 1

} ,

n = 1, . . . , N.

Ïðè öüîìó êóò θ çìiíþ¹òüñÿ â iíòåðâàëi θn+1 < |θ| <
θn (n = 1, . . . , N , θN+1 = 0), äå çíà÷åííÿ θn âèçíà÷à¹-
òüñÿ ç ïðèïóùåííÿ, ùî r = (ra+

∑n−1
j=1 dj)/ cos θn. Òîäi

â ïiäñóìêó åëåìåíòàðíèõ ïåðåòâîðåíü îòðèìà¹ìî

cos θn =
µaρah+

∑n−1
j=1 µj

gρ
j
gdj

µaρah+
∑N

j=1 µ
j
gρ

j
gdj

.

Íàäàëi, iíòå ðóþ÷è ïî r, iíòåãðàë (4) äëÿ äâîøàðî-
âîãî  ðóíòó çà äîïîìîãîþ óçàãàëüíåíî¨ ôóíêöi¨ E2(x)
çâîäèìî äî îñòàòî÷íîãî âèãëÿäó

4801-3



Î. ÏÎÏÎÂ, Ñ. ÑÊÓÐÀÒIÂÑÜÊÈÉ, Â. ÊÎÂÀ×, �. ÐÈÁÊÀ, Ã. ÃÐÈÖÓËßÊ, Ë. ÌÀÐÖÅÂÀ

I =
Aεq

2

[
cos θ2
µ1
gρ

1
g

E2

(
µaρah

cos θ2

)
− cos θ1

µ1
gρ

1
g

E2

(
µaρah

cos θ1

)

+
1

µ2
gρ

2
g

E2

(
µaρah+ d1{µ1

gρ
1
g − µ2

gρ
2
g}
)
− cos θ2

µ2
gρ

2
g

E2

(
µaρah+ d1{µ1

gρ
1
g − µ2

gρ
2
g}

cos θ2

)

− exp

−µaρah−
2∑

j=1

µj
gρ

j
gdj

 d1 + d2

µaρah+
∑2

j=1 µ
j
gρ

j
gdj

]
.

(7)

Ëåãêî ïåðåêîíàòèñÿ, ùî çà µ1
gρ

1
g = µ2

gρ
2
g òà d1+d2 =

d ôîðìóëà (7) ïåðåõîäèòü ó ñïiââiäíîøåííÿ (2).

Ðèñ. 2. Ïîðiâíÿííÿ îá÷èñëåííÿ iíòå ðàëà (4) ÷èñëîâèì
ñïîñîáîì (ïîçíà÷êè �+�) òà àíàëiòè÷íî çà ôîðìóëîþ (7)
(ñóöiëüíà ëiíiÿ). Çíà÷åííÿ ïàðàìåòðiâ âiäïîâiäàþòü óêà-

çàíèì äî ðèñ. 3à
Fig. 2. Comparison of the calculation of integral (4) numeri-
cally (marks �+�) and analytically according to formula (7)
(solid curve). The parameter values correspond to those indi-

cated in Fig. 3à

Íàäàëi òåîðåòè÷íi ðåçóëüòàòè äîïîâíèìî ÷èñëîâèì
ìîäåëþâàííÿì âèùå îòðèìàíèõ çàëåæíîñòåé çà ôi-
êñîâàíèõ çíà÷åíü ïàðàìåòðiâ. Äëÿ öüîãî âèêîðèñòàé-

ìî ïàêåò ïðèêëàäíèõ ïðîãðàì Mathematica, ÿêèé äî-
áðå çàðåêîìåíäóâàâ ñåáå ïiä ÷àñ ðîçâ'ÿçàííÿ ïðè-
êëàäíèõ çàäà÷ [10]. Çàçíà÷åíèé ïàêåò, çîêðåìà, ìi-
ñòèòü âáóäîâàíó ôóíêöiþ Gamma[a,x] äëÿ îá÷èñëåííÿ
ãàììà-ôóíêöi¨ Γ(a, x) =

∫∞
x

ta−1e−tdt, ùî äà¹ çìîãó
çðó÷íî îïèñàòè ôóíêöiþ E2(x) = Gamma[−1, x] · x.

III. ÇÀËÅÆÍIÑÒÜ IÍÒÅÍÑÈÂÍÎÑÒI

ÃÀÌÌÀ-ÂÈÏÐÎÌIÍÞÂÀÍÍß ÂIÄ ÂÈÑÎÒÈ

Äëÿ çìåíøåííÿ êiëüêîñòi ïàðàìåòðiâ ó äîñëiäæå-
ííÿõ ðîçãëÿíüìî âiäíîñíi âåëè÷èíè äëÿ iíòå ðàëiâ.
Çîêðåìà, àíàëiçóâàòèìåìî âåëè÷èíó

W =
I

I∞
, (8)

äå I âèçíà÷à¹òüñÿ âèðàçîì (7), I∞ � âèðàçîì (3), ó
ÿêîìó âèêîðèñòà¹ìî ñåðåäí¹ çíà÷åííÿ êîåôiöi¹íòà çà-
ãàñàííÿ

µgρg =
µ1
gρ

1
gd1 + µ2

gρ
2
gd2

d1 + d2
.

Ïî ñóòi, âåëè÷èíà W çàëåæèòü ëèøå âiä õàðàêòå-
ðèñòèê ïðîøàðêiâ òà ïîâiòðÿ.

(a) (á)

Ðèñ. 3. Ãðàôiêè ôóíêöi¨ W (h), çàäàíî¨ âèðàçîì (8), ÿêùî (à): µ1
gρ

1
g = 0.17 ñì−1, µ2

gρ
2
g = 0.13 ñì−1, W∞ = 0.483 òà (á):

µ1
gρ

1
g = 0.13 ñì−1, µ2

gρ
2
g = 0.17 ñì−1, W∞ = 2.094. Â îáîõ âèïàäêàõ òîâùèíè ïðîøàðêiâ d1 = 20 cì òà d2 = 60 cì

Fig. 3. The graphs of function W (h), de�ned by expression (8), at (à): µ1
gρ

1
g = 0.17 cm−1, µ2

gρ
2
g = 0.13 cm−1, W∞ = 0.483

and (b): µ1
gρ

1
g = 0.13 cm−1, µ2

gρ
2
g = 0.17 cm−1, W∞ = 2.094. In both cases, the thickness of the layers is d1 = 20 cm

and d2 = 60 cm
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Çàôiêñóéìî çíà÷åííÿ ïàðàìåòðiâ, ÿêi âiäïîâiäàþòü
òèïîâèì çíà÷åííÿì ïðèðîäíèõ ñåðåäîâèù. ßê âiäîìî,
[11�13], çíà÷åííÿ ìàñîâèõ êîåôiöi¹íòiâ çàãàñàííÿ çà-
ëåæàòü âiä åíåð i¨ ãàììà-âèïðîìiíþâàííÿ. Çàãàëîì, iç
çðîñòàííÿì åíåð i¨ âèïðîìiíþâàííÿ êîåôiöi¹íò çìåí-
øó¹òüñÿ [13]. Ñõîæó òåíäåíöiþ ñïîñòåðiãà¹ìî i äëÿ ãó-
ñòèíè, òîáòî êîåôiöi¹íò çàãàñàííÿ áiëüøèé äëÿ ùiëü-
íiøèõ ìàòåðiàëiâ. Îòæå, âèêîðèñòàéìî äàíi ñòàòòi [11]
òà ðîçãëÿíüìî ìàñîâi êîåôiöi¹íòè çàãàñàííÿ ìàòåðià-
ëiâ çà åíåð i¨ E = 0.2764 MeV. Çîêðåìà,

µ1
g = 0.108 ñì2/ã; ρ1g = 1.21 ã/ñì3 ( ðóíò ñóõîäîëó);

µ2
g = 0.111 ñì2/ã; ρ2g = 1.55 ã/ñì3 (ïiñîê).

(9)

Âîäíî÷àñ, âiäïîâiäíî äî äàíèõ òàáëèöi [14], çíà÷å-
ííÿ ìàñîâîãî êîåôiöi¹íòà çàãàñàííÿ â ïîâiòði µa =
0.1062 ñì2/ã, ëiíiéíèé êîåôiöi¹íò çàãàñàííÿ µaρa =
0.000137317 ≈ 1.4 · 10−4 ñì−1 çà áëèçüêî¨ åíåð i¨ E =
0.3 MeV.
Îòæå, ðîçãëÿíóòî  ðóíòîâèé ìàñèâ, ÿêèé ñêëàäà-

¹òüñÿ ç  ðóíòó ñóõîäîëó (øàð 1, òîâùèíà d1 = 20
cì) òà ïiñêó (øàð 2, òîâùèíà d2 = 60 cì), òàê ùî
µ1
gρ

1
g > µ2

gρ
2
g. Ãðàôiê çàëåæíîñòi W (h) ïîêàçàíî íà

ðèñ. 3,à. Ïîìiòíî, ùî ãðàôiê ìà¹ òî÷êó ìiíiìóìó òà
íàáëèæà¹òüñÿ äî ãîðèçîíòàëüíî¨ àñèìïòîòè çíèçó çà
âåëèêèõ h. ßê öå âèäíî ç ðèñ. 3,à òà çãiäíî ç äîâå-
äåíîþ â Äîäàòêó À Ëåìîþ 1, ôóíêöiÿ W < 1. Çâiä-
ñè âèïëèâà¹, ùî îöiíêà iíòåíñèâíîñòi âèïðîìiíþâàííÿ
çà ôîðìóëîþ (7) äëÿ øàðóâàòîãî  ðóíòó ìåíøà, íiæ

äëÿ íàïiîáìåæåíîãî  ðóíòó. ßêùî ïîìiíÿòè ìiñöÿìè
çàëÿãàííÿ øàðiâ, òîáòî øàð 1 � ïiñîê (ùiëüíiøèé ìà-
òåðiàë, òîâùèíà d1 = 20 cì), øàð 2 �  ðóíò ñóõîäîëó
(ìåíø ùiëüíèé, òîâùèíà d2 = 60 cì), òî îòðèìà¹ìî
ãðàôiê W (h), ÿêèé çîáðàæåíî íà ðèñ. 3,á. Íà öüîìó
ãðàôiêó ìàêñèìóì çà ìàëèõ h i ãðàôiê ïðÿìó¹ äî ãî-
ðèçîíòàëüíî¨ àñèìïòîòè. Òóò W > 1, ùî ñâiä÷èòü ïðî
âèùó îöiíêó çà ôîðìóëîþ (7), ïîðiâíþþ÷è ç ôîðìó-
ëîþ (3).
Êîìåíòàð. Ñòîñîâíî äðóãîãî âèïàäêó, êîëè

µ1
gρ

1
g < µ2

gρ
2
g, çàçíà÷èìî òàêå: ãðàôiê W (h) ðèñóíêà

3,á òèïîâèé äëÿ öüîãî âèïàäêó i ìà¹ âèãëÿä êðèâî¨ ç
îäíèì ëîêàëüíèì ìàêñèìóìîì, ùî ëåæèòü âèùå âiä
ñâî¹¨ ãîðèçîíòàëüíî¨ àñèìïòîòè; çà ìàëèõ çíà÷åíü ði-
çíèöi µ2

gρ
2
g−µ1

gρ
1
g ìîæå âèêîíóâàòèñÿ ïðîòèëåæíà íå-

ðiâíiñòüW (h) < 1 (çà ôiêñîâàíèõ çíà÷åíü ïàðàìåòðiâ,
âèêîðèñòàíèõ ó ðîáîòi, µ2

gρ
2
g − µ1

gρ
1
g ∼ 10−5); àíàëiòè-

÷íå îá ðóíòóâàííÿ íåðiâíîñòåéW (h) < 1 òàW (h) > 1
(íà êøòàëò âèêîíàíîãî â Äîäàòêó À) ¹ íåïðîñòîþ çà-
äà÷åþ ç ìàòåìàòè÷íîãî ïîãëÿäó, ÿêà ïîêè ùî îñòà-
òî÷íî íå ðîçâ'ÿçàíà, àëå ïåâíèõ óñïiõiâ ìîæíà äîñÿã-
òè, àíàëiçóþ÷è ïîâåäiíêó àñèìïòîòè W∞, îá÷èñëåíî¨
íèæ÷å.
Ãðàôiêè ôóíêöi¨ (8), çîáðàæåíi íà ðèñ. 3, ñâiä÷àòü

ïðî íàÿâíiñòü ãîðèçîíòàëüíî¨ àñèìïòîòè W = W∞ =
const ïðè h → ∞. Äëÿ îá÷èñëåííÿ W∞ çàñòîñóéìî
ïðàâèëî Ëîïiòàëÿ òà âëàñòèâîñòi ñïåöiàëüíî¨ ôóíêöi¨
E2(x). Çîêðåìà, âèêîðèñòàéìî âiäîìó àñèìïòîòè÷íó
îöiíêó ôóíêöi¨ E2(x) ∼ e−x/x, ñïðàâåäëèâó äëÿ âå-
ëèêèõ x. Âèêîíóþ÷è òðóäîìiñòêi, àëå íåñêëàäíi ïåðå-
òâîðåííÿ, îòðèìà¹ìî îñòàòî÷íèé âèðàç:

W∞ = lim
h→∞

I

I∞
=

(
− e−d1µ

1
gρ

1
g−d2µ

2
gρ

2
g +

ed1µ
1
gρ

1
g − 1

µ1
gρ

1
g(d1 + d2)

e−d1µ
1
gρ

1
g−d2µ

2
gρ

2
g

+
ed2µ

2
gρ

2
g − 1

µ2
gρ

2
g(d1 + d2)

ed1(µ
2
gρ

2
g−µ1

gρ
1
g)−d2µ

2
gρ

2
g

)
2∑

j=1

µj
gρ

j
gdj .

(10)

Âèõiä ôóíêöi¨ íà àñèìïòîòó îçíà÷à¹ îäíàêîâèé õàðà-
êòåð àñèìïòîòèê âåëè÷èí I òà I∞ òà âðåøòi-ðåøò ¨õíþ
ïðîïîðöiéíiñòü çà äîñòàòíüî âåëèêèõ h. Ó òàêîìó ðàçi
öå ñâiä÷èòü ïðî ñëàáêèé âïëèâ øàðóâàòîñòi  ðóíòó íà
îá÷èñëåííÿ âåëè÷èíè I.

IV. ÂÈÑÍÎÂÊÈ

Îòæå, ó ðîáîòi îòðèìàíî àíàëiòè÷íèé âèðàç äëÿ
îöiíêè iíòåíñèâíîñòi ãàììà-âèïðîìiíþâàííÿ, ùî ïðî-
õîäèòü ÷åðåç äâîøàðîâèé  ðóíòîâèé ìàñèâ. Ïðàâèëü-
íiñòü âèâåäåííÿ ôîðìóëè ïåðåâiðÿ¹òüñÿ ïîðiâíÿííÿì
îá÷èñëåíü çà ôîðìóëîþ (7) òà ÷èñëîâèì ñïîñîáîì çà-
ñîáàìè ñèñòåìè Mathematica. Òàêîæ ïðîàíàëiçîâàíî
çàëåæíiñòü iíòåíñèâíîñòi ãàììà-âèïðîìiíþâàííÿ âiä
âèñîòè äåòåêòîðà íàä ïîâåðõíåþ çåìëi. Çîêðåìà, ïî-

êàçàíî, ùî øàðóâàòiñòü  ðóíòó ¹ äîñèòü âiä÷óòíîþ
íà ìàëèõ âèñîòàõ, i òîäi îá÷èñëåííÿ çà ôîðìóëîþ (7)
ñóòò¹âî âiäðiçíÿþòüñÿ âiä ðåçóëüòàòiâ çàñòîñóâàííÿ
ôîðìóëè äëÿ íàïiâíåñêií÷åííîãî  ðóíòó. Ó ÷èñëîâèõ
îáðàõóíêàõ âèêîðèñòàíî ïàðàìåòðè ïðèðîäíèõ ìàòå-
ðiàëiâ, ÿê-îò ãðóíò ñóõîäîëó òà ïiñîê, òà âèÿâëåíî
âïëèâ ðiçíèõ êîìáiíàöié çàëÿãàííÿ øàðiâ íà ðîçïîäië
é àñèìïòîòèêó âåëè÷èíè I.

Öi äîñëiäæåííÿ óçàãàëüíþþòüñÿ íà âèïàäîê ñêií-
÷åííî¨ êiëüêîñòi øàðiâ. Î÷åâèäíî, ùî çðîñòàííÿ êiëü-
êîñòi ïðîøàðêiâ óñêëàäíþ¹ îá÷èñëåííÿ, îäíàê öi îá-
÷èñëåííÿ äîñèòü àë îðèòìi÷íi.

Çàçíà÷èìî, ùî îòðèìàíi ðåçóëüòàòè ìîæóòü áóòè
êîðèñíèìè äëÿ çàäà÷ ìîíiòîðèí ó ïðèðîäíèõ òà øòó-
÷íèõ ãàììà-ïîëiâ, ïiä ÷àñ ïîøóêiâ êîðèñíèõ êîïàëèí
÷è ãåîôiçè÷íèõ äîñëiäæåíü, äëÿ îöiíêè ñòàíó íàâêî-
ëèøíüîãî ñåðåäîâèùà [15] ïiä ÷àñ àâàðié, ïîøóêó âè-
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ñîêîðàäiîàêòèâíèõ äæåðåë âèïðîìiíþâàííÿ, âèÿâëå-
ííÿ ïðèõîâàíèõ ÷è âòðà÷åíèõ ðàäiîàêòèâíèõ ìàòåðià-
ëiâ. Çîêðåìà, âiäîìî ïðèêëàäè [9] âèêîðèñòàííÿ òàêèõ

äîñëiäæåíü ïiä ÷àñ äèñòàíöiéíîãî ñïîñîáó ìîíiòîðèí-
 ó ãàììà-ïîëiâ çàáðóäíåíèõ òåðèòîðié çà äîïîìîãîþ
ÁïËÀ.

Äîäàòîê À: Îöiíêà ôóíêöi¨ W

Äîâåäåìî òàêó ëåìó:

Ëåìà 1 ßêùî µ1
gρ

1
g > µ2

gρ
2
g, òîäi âèçíà÷åíà âèðàçîì (8) ôóíêöiÿ W (h) < 1 ïðè âñiõ äîäàòíèõ h.

Äîâåäåííÿ. Íàãàäà¹ìî, ùî ôóíêöiÿ E2(x) ¹ ñïàäíîþ çà x > 0, òîæ ÿêùî x1 > x2, òîäi E2(x1) < E2(x2). Îòæå,
ó âèðàçi (7) îöiíèìî íàñòóïíi âåëè÷èíè

E2

(
µaρah

cos θ2

)
< E2 (µaρah) , E2

(
µaρah

cos θ1

)
< E2 (µaρah) ,

îñêiëüêè cos θ2 < 1 òà cos θ1 < 1.
Äî òîãî æ, êîëè µ1

gρ
1
g > µ2

gρ
2
g,

E2

(
µaρah+ d1{µ1

gρ
1
g − µ2

gρ
2
g}
)
< E2 (µaρah) .

Òîäi îöiíêà äëÿ ôóíêöi¨ (8) ìàòèìå âèãëÿä

W <
µ1
gρ

1
gd1 + µ2

gρ
2
gd2

µaρah+
∑2

j=1 µ
j
gρ

j
gdj

1− exp

−µaρah−
2∑

j=1

µj
gρ

j
gdj

 <
µ1
gρ

1
gd1 + µ2

gρ
2
gd2

µaρah+ µ1
gρ

1
gd1 + µ2

gρ
2
gd2

< 1,

ùî é ïîòðiáíî áóëî äîâåñòè. Çàçíà÷èìî òàêîæ, ùî çà ôiêñîâàíèõ çíà÷åíü ïàðàìåòðiâ ãðàôiê ôóíêöi¨ W (h) äëÿ
òàêîãî âèïàäêó çîáðàæåíî íà ðèñ. 3,à.
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ÎÖIÍÊÀ IÍÒÅÍÑÈÂÍÎÑÒI ÃÀÌÌÀ-ÂÈÏÐÎÌIÍÞÂÀÍÍß ØÀÐÓÂÀÒÎÃÎ �ÐÓÍÒÎÂÎÃÎ ÌÀÑÈÂÓ

EVALUATION OF GAMMA-RAY INTENSITY OF LAYERED GROUND

O. Popov1,2,3, S. Skurativskyi1,4, V. Kovach1,2, E. Rybka5, H. Hrytsuliak6, L. Martseva7
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7Zhytomyr Polytechnic State University, 103, Chudnivska St., Zhytomyr, UA�10005, Ukraine

The monitoring of natural and arti�cial gamma �elds has become an indispensable auxiliary tool not
only in the search for minerals or geophysical research but also as a standalone method for assessing
environmental conditions during accidents, locating highly radioactive sources, and implementing anti-
terrorist measures. Nowadays, the most actively developing method of monitoring gamma �elds is the
remote method, primarily involving the use of remotely piloted vehicles.

Most problems of gamma �eld monitoring can be solved more e�ectively by incorporating appropriate
mathematical support. In particular, accurately estimating the intensity of gamma radiation of contami-
nated soils requires proper consideration of the processes a�ecting the formation of gamma quanta �ow,
including attenuation processes. Using the exponential law of gamma ray attenuation in a medium and
their geometric divergence, we investigate the problem of gamma �eld intensity in a layered soil massif.
In our research, we derived an analytical expression for describing the �eld intensity of a two-layer soil
depending on the density, thicknesses, and mass attenuation coe�cients of the layers, as well as the
height of the detector above the soil surface. We identi�ed unique characteristics in the behavior of the
�eld intensity function for di�erent layer con�gurations and at considerable heights above the soil surface.
The algorithm for calculating the intensity of the gamma �eld is generalized for scenarios involving a �nite
number of layers. The results obtained could be valuable for developing solutions to inverse problems that
arise during remote detection of gamma �elds in contaminated areas using, for example, unmanned aerial
vehicles.

Key words: gamma radiation, gamma �eld attenuation in a layered material, modeling of the intensity
of gamma quanta �ow.
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